The statistics of energy transfer is studied by using the data of a series of high-resolution direct numerical simulations of incompressible homogeneous turbulence in a periodic box with the Taylor micro-scale Reynolds number R and grid points up to approximately 1130 and 4096 3 , respectively. The data show that the energy transfer T across the wave number k is highly intermittent and the skewness S and flatness F of T increase with k approximately as S / ðkLÞ S , F / ðkLÞ F in the inertial subrange, where S $ 2=3, F $ 1 and L the characteristic length scale of energy containing eddies. The comparison between the statistics of T, the energy dissipation rate and its average r over a domain of scale r shows that T is less intermittent than , while there is a certain similarity between the probability distribution functions of T and r .
Introduction
In fully developed turbulence, eddies of a wide range of scales coexist and interact with each other. The energy at large scales are transferred by the nonlinear interaction to small scales. The understanding of the statistics of the transfer is important for developing proper models of turbulence, such as those in large eddy simulations (LESs).
The transfer T depends on the position and time as well as the scale or the wave number under consideration. If we take the average over the space, and consider the transfer in the wave number space, then the average yields the energy transfer ÅðkÞ across wavenumber k. It is a basic premise of many turbulence theories that there exists a wave number range where ÅðkÞ is independent k and equal to the mean energy dissipation rate hi per unit mass, in fully developed turbulence. This idea was in fact confirmed by recent direct numerical simulations (DNSs).
1) However this does not imply that the statistics of T is the same as those of the energy dissipation rate per unit mass or its average r over a certain domain of scale r, which play important roles in turbulence theories including Kolmogorov's hypotheses (K41) 2) and its revised theory (K62).
3)
The statistics of T is different from that of or r at least in two aspects:
(i) The dissipation rate as well as r cannot be negative, whereas T can be negative. (ii) is a dissipation range quantity. Even if r is in the inertial subrange, r is not a genuine inertial range quantity, in contrast to T. It is an integral of dissipation range quantity over the inertial range scale r.
4)
Although extensive studies have been made on the statistics of and r after Kolmogorov's works, 2, 3) relatively less attention has been paid to the statistics of T as compared with and r , in spite of its relevance to the inertial subrange dynamics and practical modeling. It would therefore be of interest to study the inertial subrange statistics of T by using DNS that is free from experimental uncertainties. As a matter of fact, studies have been made on the statistics of T by DNS, especially in the context of LES of turbulence. Among them is Piomelli et al. 5) By DNS of turbulent channel flow, they showed that discarding the backward energy transfer, i.e., the energy transfer from small to large scales represented by T < 0, may result in inaccurate prediction of the growth of perturbations in the LES of transitional flows. Piomelli et al. 6) showed that the volume ratio of the backward transfer region depends on the filter type used for defining the grid scale component in LES. Domaradzki et al. 7) studied the energy transfer in the spectral and physical space by using DNS data of isotropic turbulence, and estimated a spectral subgrid-scale eddy viscosity. Recently, fundamental statistics of T such as the probability distribution function (PDF) and moments of T have been also studied on the basis of DNS data of isotropic turbulence. 8, 9) However, the resolution of DNSs has so far been severely limited by available computer resource, so that only insufficient scale range has been simulated in most DNS. The inertial subrange in such DNS, even if it exists, has been too narrow to get reliable inertial range statistics of T. Fortunately we could recently perform high resolution DNS of incompressible turbulence obeying the Navier-Stokes equations with resolution up to 4096 3 grid points by using the Earth Simulator, 1, 10) which has the peak performance of 40 Tflops, and main memory of approximately 10 TByte. The inertial subrange in the DNS is much wider than that in previous lower resolution DNS.
The objective of this paper is to analyze the statistics of the energy transfer by using the DNS data, and present a database that might be helpful for the understanding of the inertial range statistics of T and developing theories and models for the energy transfer from large to small scales in fully developed turbulence. The relation between the statistics of T and , or r is also studied.
DNS Method and Basic Relations
We performed DNSs of incompressible turbulence obeying the Navier-Stokes equations
in a periodic box with sides 2. Here u i , p, , and are respectively the velocity in the i-th Cartesian direction, pressure, kinematic viscosity, and constant fluid density. The simulations use an alias free spectral method, and a 4th order Runge-Kutta method for time marching; the minimum wave number k min as well as the wave number increment is 1 and the total kinetic energy E of the fluctuating velocity per unit mass was kept almost time independent ($ 0:5) by introducing negative viscosity in the wave number range k < 2:5.
The reader may refer for the detail of the numerical method of the DNS to previous papers. 1, 10) The simulations consist of two series, Series 1 and 2, in which k max % 1 and 2, respectively, where k max is the maximum wave number of the retained modes, and is the Kolmogorov length scale defined as ¼ ð 3 =hiÞ 1=4 . Some characteristic run conditions and statistics are shown in Table I . They are basically similar to those in ref. 1, but reproduced here for readers' convenience. In Table I 
where EðkÞ is the energy spectrum so normalized that
In all the runs reported below except Run 4096-1 and 4096-2, we used double precision arithmetic, while in Run 4096-1 and 4096-2, we also used double precision arithmetic for the convolution sums in evaluating the nonlinear terms in the wave vector space, but used single precision arithmetic for time integration.
In this paper, we use the so-called spectral cut filter to define the grid scale field component " f f of f ;
where k c is the so-called cut-off wave number that defines the characteristic scale of the smallest grid-scale eddies, and G GðkÞ is the Fourier transform of GðxÞ, defined aŝ
Performing the filtering operation on eqs. (1) and (2) gives
where
and we use the summation convention for repeated indices. For the grid scale energy Q u i u i =2, eq. (3) gives
while for q, eqs. (1) and (3) give
where In the wave number space, the energy spectrum EðkÞ in homogeneous and isotropic turbulence obeys
where WðkÞ is the energy transfer function due to the nonlinear interaction. Since
for the spectral cut filter, we have from eq. (7)
and the brackets hÁ Á Ái denotes the ensemble average. The statistics shown in Fig. 1 are those at the end of each run (t ¼ t f ). Although the statistics in the DNSs especially at small scales are almost stationary, it has time dependence to a certain degree in a strict sense, especially at large scales. Thus, the statistics at a given time such as those in Fig. 1 are almost similar to, but may be not exactly the same as their time averages. One might think that better statistics may be obtained by taking the time averages. For example, one may expect that the lines in Fig. 1 would become smoother if we take the time average for a sufficiently long time interval. However, mainly because of the limitation of available computation resource, the simulation time is limited, especially in the largest DNS, Run 4096-1 and 4096-2, for which t f is only 4.3 and 3.5, respectively.
Numerical Results

Energy transfer rate
In order to get some idea on the effect of taking time average, we compare in Fig. 2 , the instantaneous values of ÅðkÞ=hi and compensated energy spectrum k 5=3 EðkÞ=hi
2=3
with their average over t ¼ 5; 6; . . . ; 10 in Run 2048-1, for which the non-dimensional simulation time t f ¼ 10 is much larger that t f ¼ 4:3 for Run 4096-1. Note that in plotting the time average, we take the time averages of not only ÅðkÞ and EðkÞ, but also hi, from which is computed as ¼ ð 3 =hiÞ 1=4 . As would be expected, the curves for the time averaged Å is smoother than the curves for the instantaneous values. But it is also seen that the instantaneous values are not very different from the time average at high wave numbers. This confirms our conjecture that it is unlikely that the statistics at high wave number is much affected by the time average. In the following, we use instantaneous statistics, if not otherwise stated.
The first term ÀT on the right-hand side of eq. (4) represents the energy drain from the grid scale eddies to subgrid scale eddies by the nonlinear interaction, whereas the first term T on the right-hand side of eq. (5) is the energy input to the subgrid scale eddies by the interactions. Thus, as is well known, T represents the energy transfer from large scales to small scales by the nonlinear coupling between the grid and subgrid scale eddies. In the following, we focus on the statistics of the statistics of T, and its relation to the statistics of the dissipation rate and its volume average r .
First consider the average hTi. Because taking the ensemble average of eq. (4) gives 
and
in homogeneous and isotropic turbulence, eq. (6) and the comparison of eqs. (9) and (11) give
This equality is well confirmed in our DNS. Figure 3 is an example of comparison of hTi and ÅðkÞ, and is from the data of Run 4096-1. In this paper we assume that the average hÁ Á Ái may be approximated numerically by its volume average over the fundamental periodic box. We also assume that ÅðkÞ may be approximated by the average over a spherical shell of wave number k in the wave vector space, provided that the number of modes in the shell is large enough. It is seen in Fig. 3 that at k > 0:01 or so, hTi and ÅðkÞ agree well with each other. The similar is also the case in the other runs, and we omit here plotting the comparison. A little difference between T and Å at lower k is presumably because there is not enough Fourier modes in the spherical shell of radius k at the low wave number range.
PDF of energy transfer T
Next consider the PDF of T. The energy transfer T as well as its PDF depends on the cut-off wave number k c . We choose here a few representative wave numbers;
1=4 Þ 20 = $ 0:1141=. These wave numbers are marked in Fig. 4 , which show the transfer rate ÅðkÞ in Run 4096-1 and 2048-1, respectively. As seen in Fig. 4 , k I and k D are in the inertial subrange and the dissipation range, respectively. The wave number k E is much less than k I and k D .
Figures 5(a) and 5(b) show the PDF's of T in Run 4096-1 and 2048-1, respectively. The PDF's are seen to be strongly non-Gaussian, and the skirt of the PDF is broader for k c in the dissipation range than those for smaller k c in the inertial subrange and energy containing range. The PDF's in Run 4096-1 and 2048-1, except those for T (k c ¼ k E ), are not very different from each other. More quantitative analysis about the PDF's will be made in the following section. Figure 5 also shows the PDF of the energy dissipation rate .
The PDF of is limited only in the range > 0. It has much higher peak and wider skirt than the PDF of T. This implies that T in the domain T > 0 is less intermittent than .
In contrast to , which cannot be negative, T can be negative. The energy is transferred from low wave numbers to larger ones when T > 0 (forward transfer), while the transfer is opposite when T < 0 (backward transfer). Figure 5 shows that there is a substantial probability of backward transfer, and its probability seems to be of the same order as that of forward cascade.
In order to see this point more clearly, we plot the volume ratio of the region of backward transfer as a function of k c in Fig. 6(a) and k c L in Fig. 6(b) . Figure 6(a) shows that the curves overlap well at high wave number range when plotted vs k c , and that the volume ratio increases with R , but the slope decreases with R . The dependence of the ratio on k c is very weak in the inertial subrange at R ¼ 1132. 
Moments of energy transfer
In order to get some more quantitative idea on the dependence of the PDF on the cut-off wave number k c , let us consider the moments of ÁT ¼ T À hTi. Figure 8 shows the normalized variance V T hðÁTÞ 2 i=hi 2 . We assume the ensemble average hÁ Á Ái may be approximated by the volume average, as in the case of hTi. Figure 8(a) shows the plot of V T vs k c , while Fig. 8(b) shows V T vs k c L. The curves in the inertial subrange are seen to overlap better in Fig. 8(b) than in Fig. 8(a) , i.e., V T scales better with k c L than k c .
Note that, in contrast to the averaged transfer rate hTi which overlap well at large wavenumber when plotted against k (see Fig. 1 ), the curves of the variance V plotted against k do not overlap so well [ Fig. 8(a) ] even at high wave number range. This suggests that large scale statistics affects the statistics of T even in the dissipation range.
The moments are seen to increase monotonically with k c L. The figures shows that V T at high R fits well to a simple scaling such as 
the overlap is not good not only at low but also at high wavenumber ranges. They again suggest that the moments scales better with k c L than k c . If the PDF of T was Gaussian, then S ¼ 0 and F ¼ 3. The figures show that they are far from the Gaussian values except near k c L ¼ 1, and that S T and F T at high R fits fairly well to a simple scaling such as S T / ðkLÞ S ; F T / ðkLÞ F ; where S $ 2=3; F $ 1;
in the inertial subrange.
Statistics of dissipation rate
Following Kolmogorov (K62), 3) let us consider here the energy dissipation rate averaged over a spherical region of radius r; r ðxÞ ¼ 3 4r 3
In practice, the averages can be computed efficiently by using the fast fourier transform for convolution sums. Figure 11 shows the comparison between the PDF of Tðk c Þ and that of r (2r the skewness S r and the flatness factor F r of Á r vs k c L, respectively, whereas Fig. 13 shows the same data as in Fig. 12(a) , but vs k c . The comparison between Figs. 12(a) and 13 shows that the overlap of the curves is better when they are plotted against k c L as in the case of T. The similar is also the case for the skewness and the flatness factor, and the figures are omitted here.
Although the overlap is worse in Fig. 13 , it is easier to see the possible dependence of the slopes of the variance V r in the inertial subrange (k $ 0:02 or so) in Fig. 13 than in Fig. 12(a) . Figure 13 shows that V r fits well to the power low
in the inertial subrange, where exponent V decreases with R and seems to approach to a constant about 1/3. A previous study of the fourth order moments of the velocity gradients 11) shows that the spectrum E ðkÞ of h 2 i in the inertial subrange is approximately / k Àm with m $ 2=3. This implies
in the inertial subrange, where ðrÞ ¼ ðx þ rÞ À ðxÞ. A simple algebra shows that if the correlation hððrÞÞ 2 i obeys (14) in the inertial subrange, then we have (13) with V ¼ 1 À m $ 1=3, provided that the similarity range is wide enough. The DNS value in Fig. 12(a) is seen to be not very far from 1/3. Their difference is presumably because the width of the similarity range is not wide enough. 
The curves in Fig. 12(b) are slightly convex and their slopes ð S Þ are a little steeper at lower wavenumber. Such a k cdependence of S r is similar to that of S T observed in Fig. 9 ; a comparison between Figs. 9 and 12(b) shows that S r % aS T with a % 3 except in the dissipation range. A comparison between F T in Fig. 10 and F r in Fig. 12(c) shows that although the k c -dependence of F T is a little different to that of F r , the value of F T at a given wavenumber in the inertial subrange is not far from the corresponding value of F r . These similarities between S T and S r and between F T and F r are consistent with the similarities between the PDF's of Tðk c Þ and r (2r ¼ =k c ) as observed in Figs. 11(a)-11(c). Figure 14 shows the correlation CðÁT; Á r Þ ¼ hÁTÁ r i ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Correlation between energy transfer and dissipation rate
, It is seen that the correlation is not high, but as low as about 0.25 in the inertial subrange, and the correlation increases with k c . Some more quantitative idea on the relation between T and r may be obtained from the joint PDF of ÁT and r , as shown in Fig. 15 . The following are observed in Fig. 15 .
(i) The contours are a little tilted, in agreement with the fact the correlation C is positive, but small. (ii) The PDF's for k c ¼ k I and k c ¼ k D are broader than that for k c ¼ k E . This implies that T and r are more intermittent at smaller scales. (iii) The PDF's change sharply at small r -region, say r = r < 1 or so, but the skirts at large r are broad in the r -direction. The broadness is comparable to that in the ÁT-direction. (iv) The PDF's for k c ¼ k I and k c ¼ k D are not very different from each other, and especially the shapes of the contours in the inner, high-probability, regions (say, jÁTj= T and r = r < 10) are very similar to each other. This is consistent with the fact that the correlation C is not very different at k c ¼ k I and k c ¼ k D , as seen in Fig. 14.  (v) The shapes of the contours at different levels of the PDF for k c ¼ k D in Fig. 15 (c) are similar to each other. This is also the case for k c ¼ k I in Fig. 15(b) but such a similarity is restricted only to the inner region (say, jÁTj= T and r = r < 10). An intuitive idea on the low correlation between T and r may be obtained from Figs. 16(a)-16(c) , which show snapshots of high r region and high Tðk c Þ region for (a) k c ¼ k E , (b) k c ¼ k I , and (c) k c ¼ k D , respectively, where 2r ¼ =k c . It is seen that the size of the intense dissipation region as well as that of high transfer region are larger for smaller k c . The two regions are not so close to each other, in contrast to the intense forward and backward energy transfer regions in Fig. 7 . The similar is also true between T and , and we omit here plotting the figures.
Energy transfer in the use of Gaussian filter
In this paper, we have so far used the spectral cut function given by (3) for the definition of the grid scale component.
However, the filter function need not be restricted to the spectral cut function (3). The relations (4)- (6) hold irrespectively of the choice of the filter function, i.e., they remain unchanged by the use of different filter function. In general, the average hQi of the grid scale energy Q u i u i =2 is given by
and obeys
where and k c is the characteristic wavenumber ofĜ GðkÞ ¼Ĝ GðkÞ. For the spectral cut filter, eqs. (15)- (17) reduce to eqs. (8)- (10), respectively. Although the equality (12) for the average of the energy transfer hTi holds irrespectively of filter function, the statistics of T defined by (6) may depend on the type of the filter function, as have been shown by previous studies. 6) In order to get some idea on the possible dependence of the statistics on the filter function, we consider here the Gaussian filter defined byĜ
which is one of the most popular filters used in the study of LES. In the following, we denote the energy transfer T by the use of Gaussian filter (G-filter) as T G , while that by the spectral cut filter (S-filter) as T S .
A plot similar to Fig. 3 shows that the equality Åðk c Þ ¼ hTi holds also for T ¼ T G , although the value of Åðk c Þ is a little different from that by the S-filter (figures omitted). Figure 17 shows the k c -dependence of the volume ratio of the backward transfer region where T G < 0. For comparison, some of the data in Fig. 6 are also included in the figure. The comparison shows that the volume ratio of the backward transfer region in the inertial subrange is 30 -40% for the Sfilter, while it is only about 8% for G-filter. It is observed in Fig. 17 that the curves, especially those by the G-filter, overlap very well at high wavenumber range, and they tend to a constant (% 8% for T G ) with the decrease of k c . The overlap suggests the possibility that the ratio may be universal at small scales in the sense that it is insensitive to the Reynolds number. The filter-dependence of the volume ratio is qualitatively consistent with the channel turbulence data by Piomelli et al., 6) which showed that the volume ratio of the negative T-region is about 50% for the S-filter, and about 30% for the G-filter; in our DNS as well as in Piomelli et al., the ratio is smaller for the G-filter.
Although their values for the ratio are different from ours, the difference is not surprising if one takes into account the difference of the flow geometry as well as the fact that the filtering was applied only in the planes parallel to the wall in Piomelli et al.
6)
The origin of the difference of the statistics of T for different filter function may be seen by writing the transfer T defined by eq. (6), i.e.,
in the wave vector space aŝ 
Fðk; p; qÞ Ĝ GðkÞ½Ĝ Gðp þ qÞ ÀĜ GðpÞĜ GðqÞ; Sðk; p; qÞ ik iû u i ðpÞû u j ðqÞû u j ðkÞ;
i denotes ffiffiffiffiffiffi ffi À1 p , and P k¼k 0 þpþq is the sum or integral over the wave vectors k 0 , p, and q satisfying k ¼ k 0 þ p þ q. The difference of the statistics of T for different filter comes only from the difference of the prefactor F in eqs. (18)-(20). For example, Fðk; p; qÞ ¼ 1 for the S-filter, while F < 1 for the G-filter, for ðk; p; qÞ with jp þ qj < k c , k < k c , and p or q > k c . The difference is significant for interactions with k; p; q being in the vicinity to k c .
It is worthwhile to recall here that in homogeneous turbulence, hTðxÞi ¼T Tð0Þ, so that
Fðk; p; qÞhSðk; p; qÞi: ð21Þ
According to spectral closure theories such as the test field model 12) and the Lagrangian renormalized approximation, 13) (i) local interactions play dominant role in the energy transfer, and (ii) the transfer Åðk c Þ in eq. (21) may be decomposed as
for k c in the inertial subrange, where Å out and Å in for the Sfilter may be written as
with ÀT out ! 0, T in ! 0, and we call interactions among the wavevectors k, p, q local, if k, p, and q are of similar order to each other. In ref.
12, a spectral eddy viscosity e ðkjk c Þ is defined by ÀðT out þ T in Þ=½2k 2 EðkÞ, where T in (! 0) is an input term for the grid scale energy. Near k=k c $ 1, both T in and ÀT out increase sharply with k=k c (< 1) in accordance with (i), and ÀT out slightly exceeds T in . For very small k=k c , T in =½2k 2 EðkÞ is almost zero, while ÀT out =½2k 2 EðkÞ remains constant (> 0). These suggest that although both Å in and Å out are dominated by the local interactions, (iii) the degree of the dependence of Å in on the local interactions is stronger than that of Å out .
Since Å out ! 0 and ÀÅ in 0, it is tempting to associate them with forward and backward energy transfer, respectively, although Å out and Å in are averaged quantities, while TðxÞ is fluctuating quantities depending on x. Then (iii) leads us to a conjecture that the degree of the dependence of the backward transfer (T < 0) on the local interactions is stronger than that of the forward transfer (T > 0), so that backward transfer (T < 0Þ is more sensitive to the reduction of the transfer by the prefactor F in eqs. (18)-(20) for ðk; p; qÞ in the vicinity of k c than the forward transfer. This implies that the reduction of backward transfer by the prefactor F in the use of G-filter as compared with that in the use of S-filter is more significant than the reduction of forward transfer, so that the ratio of the backward transfer region in the use of the G-filter may be smaller than that in the use of the S-filter. This conjecture is consistent with the fact that volume ratio of the backward transfer is smaller for T G than T S in Fig. 17 . Figures 18(a)-18(c) show the PDF's of T G of Run 2048-1 for k c ¼ k E , k I , and k D , respectively, and compare with those of T S . The PDF's of T G are asymmetry about the most probable value (% 0), in agreement with the results reported earlier. 8, 9) Figures 18(a)-18(c) further show that the asymmetry of the PDF's of T G is stronger than that of T S . This is consistent with the above conjecture.
The k c -dependence of the variance and the skewness and flatness factors of T G are given in Fig. 19 . The flatness factors are seen to be larger for smaller scale (higher k) and are very large (> 10
3 ) in the dissipation range as reported in ref. 8 . Figures 19(a)-19(c) show that the variance (V G ) of T G is smaller than that (V S ) of T S , and V G % V S with % 1=4, while the skewness and flatness factors of T G are larger than those of T S . The moments of T G are seen to scale similarly to T S .
Conclusion
The statistics of energy transfer TðkÞ through the wavenumber k was studied by analyzing the data of high resolution DNSs with R up to approximately 1130. The DNSs suggest, in the Reynolds number range studied here, (i) the PDF of TðkÞ is far from Gaussian, and it is more intermittent for larger k. (ii) the skewness and flatness factor of the fluctuation of TðkÞ increases with k, and obey simple scaling laws in the inertial range, (iii) the volume ratio of backward transfer region is as large as 30 -40% (in the use of spectral cut filter) in the inertial subrange. The statistics of the energy dissipation rate and its local volume average r is also studied by using the DNS data. The analysis suggests that in the inertial subrange, (i) the correlation between T and r is not high, but as low as approximately 0.25, (ii) the locations of intense transfer region and high dissipation region are separated from each other, in contrast to intense forward and backward transfer regions. (iii) the PDF's of T and r decreases with x ¼ ÁT= T or x ¼ r = r , similarly to each other, for large x, see Figs. 11(b) and 11(c). The dependence of the statistics of the energy transfer T on the filter function used for the definition of the grid scale component is also studied by comparing the statistics T G given by the Gaussian filter with that of T S by the spectral cut filter. The volume ratio of backward transfer region for T G is shown to be smaller than that for T S , in agreement with previous studies. The moments of T G are found to scale with k c similarly as those of T S .
In this paper we confined ourselves to the statistics of T and or r . They are scalars. It would be interesting to study the statistics at the vector or tensor levels, i.e., to study tensors or vectors such as the subgrid scale Reynolds stress i j or its divergence @ i j =@x j , especially from the view point of LES modeling, as in refs. 14 
